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Let 𝜇0 be a probability measure on R𝑑 and 𝑊 is a R-valued Wiener sheet.

Определение 1. [1] The stochastic differential equation with interaction has the following
form ⎧⎪⎨⎪⎩

d𝑥(𝑢, 𝑡) = 𝑎(𝑥(𝑢, 𝑡), 𝜇𝑡, 𝑡)d𝑡 +
∫︀
R 𝑏(𝑥(𝑢, 𝑡), 𝜇𝑡, 𝑡, 𝑞)𝑊 (d𝑡, d𝑞),

𝑥(𝑢, 0) = 𝑢, 𝑢 ∈ R𝑑,

𝜇𝑡 = 𝜇0 ∘ 𝑥(·, 𝑡)−1, 𝑡 ≥ 0.

One example of such equation is the Helmholtz point vortex model.
Let ℋ be a real separable infinite-dimensional Hilbert space and ℎ ∈ 𝐶2(R𝑑;ℋ) satisfy(︀

ℎ(𝑢), ℎ(𝑣)
)︀
ℋ = Γ(𝑢− 𝑣), where Γ is a positive definite kernel. Define the ℋ-valued process

ℎ𝑡 :=

∫︁
R𝑑

ℎ(𝑦)𝜇𝑡(d𝑦) =

∫︁
R𝑑

ℎ(𝑥(𝑢, 𝑡))𝜇0(d𝑢).

The space M𝑛 is the set of all probability measures on R𝑑 with finite 𝑛𝑡ℎ moment.

Теорема 1. Suppose that in equation (1), ∃𝐶 ≥ 0 : ∀𝑢1, 𝑢2 ∈ R𝑑, 𝜈1, 𝜈2 ∈ M𝑚, 𝑡 ≥ 0 :

‖𝑎(𝑢1, 𝜈1, 𝑡)−𝑎(𝑢2, 𝜈2, 𝑡)‖+

(︂∫︁
R𝑑

‖𝑏(𝑢1, 𝜈1, 𝑡, 𝑞) − 𝑏(𝑢2, 𝜈2, 𝑡, 𝑞)‖2
)︂ 1

2

≤ 𝐶 (‖𝑢1 − 𝑢2‖ + 𝛾𝑚(𝜈1, 𝜈2))

where 𝛾𝑚 is Wasserstein distance of order 𝑚, and the functions a and b are continuous with
respect to all variables. Then {ℎ𝑡}𝑡≥0 is a Markov process in ℋ. Its infinitesimal generator ℒ is
given as follows. Take an orthonormal basis {𝑒𝑘}𝑘≥1 of 𝐿2(R𝑑). For any Φ ∈ 𝐶2

𝑏 (ℋ),

(ℒΦ)(ℎ) = 𝐷Φ(ℎ)

[︂∫︁
R𝑑

𝐷ℎ(𝑦) 𝑎(𝑦, 𝜇, 𝑡)𝜇(𝑑𝑦)

]︂
+

1

2

∞∑︁
𝑘=1

𝐷2Φ(ℎ)
(︀
Σ𝑘(ℎ),Σ𝑘(ℎ)

)︀
where Σ𝑘(ℎ) is defined in

Σ𝑘(ℎ) :=

∫︁
R𝑑

𝐷ℎ(𝑦)

[︂∫︁
R𝑑

𝑏(𝑥, 𝜇, 𝑡, 𝑞) 𝑒𝑘(𝑞) 𝑑𝑞

]︂
𝜇(𝑑𝑦), 𝜇 = 𝜇0 ∘ ℎ−1.

Asymptotic properties of ℎ are also studied.
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