
Конференция «Ломоносов-2026»

Секция «19.14 Теория вероятностей и математическая статистика»

First Passage Time Probabilities in Diffusion Models

Научный руководитель – Булинская Екатерина Вадимовна

Шабалин Данила Сергеевич
Студент (специалист)

Московский государственный университет имени М.В.Ломоносова,
Механико-математический факультет, Кафедра теории вероятностей, Москва, Россия

E-mail: danilshabalin2002@mail.ru

This work studies the hitting time problem for time-dependent diffusion processes involving
the crossing of single and double barriers, where the boundaries may be time-dependent. The
approach is based on the local time-space formula of Peskir and a Markov chain approximation
of the transition density function. We assume a diffusion process 𝑋 governed by a stochastic
differential equation (SDE) on R of the form

𝑑𝑋𝑡 = 𝜇(𝑡,𝑋𝑡)𝑑𝑡+ 𝜎(𝑡,𝑋𝑡)𝑑𝑊𝑡, 𝑋0 = 𝑥, (1)

where 𝜇 : R+×R → R is the drift term, 𝜎 : R+×R → R is the diffusion, and 𝑊 is the standard
Brownian motion under the measure P. We assume that the SDE (1) admits a unique strong
solution with a transition probability P𝑡,𝑥(𝑋𝑠 ∈ 𝐴) = P(𝑋𝑠 ∈ 𝐴 | 𝑋𝑡 = 𝑥), defined for 0 ≤ 𝑡 ≤ 𝑠
and any Borel set 𝐴 ⊂ R. A smooth transition density function (tdf) 𝑝(𝑠, 𝑦; 𝑡, 𝑥) determined
by the relation P(𝑋𝑠 ∈ 𝐴 | 𝑋𝑡 = 𝑥) =

∫︀
𝐴
𝑝(𝑠, 𝑦; 𝑡, 𝑥)𝑑𝑦. We define the first hitting time for the

lower barrier 𝑏(𝑡) in 𝐶1 as
𝜏𝑏 = inf{𝑡 ≥ 0 : 𝑋𝑡 ≤ 𝑏(𝑡)} (2)

with 𝑋0 = 𝑥 > 𝑏(0). The main result is semi-analitical expression for the cumulative hitting
probability 𝐺(𝑡, 𝑥) := P𝑥(𝜏𝑏 ≤ 𝑡). The proposition for time-homogeneous case is following

Теорема 1. The cumulative probability function 𝐺(𝑡, 𝑥) of the hitting time is given as

𝐺(𝑡, 𝑥) = P0,𝑥(𝑋𝑡 ≤ 𝑏(0)) +

∫︁ 𝑡

0

𝑓(𝑢)𝑝(𝑡, 𝑏(𝑢);𝑢, 𝑥)𝑑𝑢 (3)

for 𝑡 ∈ [0, 𝑇 ] and 𝑥 ∈ R, where 𝑓(𝑢) is the solution of the linear Volterra equation of the first
kind

P0,𝑏(𝑡)(𝑋𝑡 > 𝑏(0)) =

∫︁ 𝑡

0

𝑓(𝑢)𝑝(𝑡, 𝑏(𝑢);𝑢, 𝑏(𝑡))𝑑𝑢 (4)

for 𝑡 ∈ (0, 𝑇 ].

A similar type of result can be obtained for the first hitting time of the upper barrier 𝑏(𝑡)
with 𝑋0 < 𝑏(0).

Since the formula above depends on 𝑝(𝑠, 𝑦; 𝑡, 𝑥), we propose an effective algorithm for the
numerical computation of the tdf based on a Markov Chain approximation. The key idea is
to approximate the process 𝑋 by a continuous-time Markov chain with a finite state space
{𝑥1, 𝑥2, . . . , 𝑥𝑛} on a uniform lattice, for which the transition probability matrix between two
arbitrary time points can be computed explicitly. The problem is examined in the context of
financial applications. An algorithm is presented, together with numerical results.
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